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Although the classical approach based on output or equation error methods is commonly applied to estimate

stability and control derivatives from flight data, an alternative approach based on a neural network with universal

nonlinear mapping capability is preferred in some applications. The first approach yields explicit models in terms of

physically interpretable aerodynamic derivatives, whereas the other leads to implicit models in general. The two

approaches being characteristically different, the comparison of the results in terms of aerodynamic derivatives pose

difficulties. An approach based on finite differences (termed as the delta method), applied to a trained neural

network, has been reported in the literature to overcome the difficulties. In this paper, yet another approachbased on

the partial differential of neural output is suggested and demonstrated. The performance of the two approaches

(namely, the finite difference and the partial differential approach) is evaluated in terms of the estimated

aerodynamic derivatives. It is shown that the twomethods give comparable results; however, the partial differential

approach provides first-order aerodynamic derivatives more accurately. Moreover, the results of the partial

differential approach are comparable with the results obtained from the equation errormethod.Moreover, gradient

descent and scaled conjugate gradient methods are evaluated in terms of the mean square error for training the

neural network. The proposed partial differential approach does not suffer from numerical instability and provides

higher-order derivatives; therefore, it can be extended to the nonlinear aerodynamic regime and to unstable aircraft.

Nomenclature

Cl = nondimensional rolling moment coefficient
Cn = nondimensional yawing moment coefficient
CY = nondimensional side force coefficient
CY0 , Cl0 ,
Cn0

= zero aerodynamic term in the linear aerodynamic
model

di = normalized observed or measured value of ith
output

E�:� = error function
E0�:� = gradient of the error function
f�:� = activation function
g�:� = activation function
L = rolling moment, Nm
N = yawing moment, Nm
p = roll rate, rad=s
p� = normalized roll rate
q = pitch rate, rad=s
r = yaw rate, rad=s
r� = normalized yaw rate

~U = weight matrix connecting the input layer and the
first hidden layer

~V = weight matrix connecting the first hidden layer and
the second hidden layer

~W = weight matrix connecting the second hidden layer
and the output layer

~w = weight vector containing all weights of the neural
network

~x = output vector of the first hidden layer
Y = side force, N
~y = output vector of the second hidden layer
zi;normmax

= upper limit of normalization for the ith output
zi;max = maximum value of the ith output
zi;min = minimum value of the ith output
zi;normmin

= lower limit of normalization for the ith output
~z = output vector of the neural network
� = sideslip, rad
�a = aileron deflection, rad
�r = rudder deflection, rad
�i = ith element of the inputs to the second hidden layer

neuron
~� = input vector to the neural network

I. Introduction

ACCURATE knowledge of stability and control derivatives
helps in making a realistic flight simulator for pilot training,

designing control laws, expanding flight envelope, and improving
airworthiness. The process of extracting the stability and control
derivatives from flight measured data is known as aircraft parameter
estimation and can be broadly classified into two categories: namely,
direct approach and indirect approach. Within the purview of
the direct approach come methods, such as equation error method

Received 19 June 2009; revision received 10December 2009; accepted for
publication 10 December 2009. Copyright © 2009 by the American Institute
of Aeronautics andAstronautics, Inc. All rights reserved. Copies of this paper
may be made for personal or internal use, on condition that the copier pay the
$10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rosewood
Drive, Danvers, MA 01923; include the code 0731-5090/10 and $10.00 in
correspondence with the CCC.

∗Research Scholar, Department of Aerospace Engineering.
†Scientist.
‡Assistant Professor, Department of Aerospace Engineering; masinha@

aero.iitkgp.ernet.in.
§Senior Scientist, Institute of Flight Systems.

JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS

Vol. 33, No. 2, March–April 2010

376

http://dx.doi.org/10.2514/1.46053


(EEM), output error method, and filter error method (FEM) [1–3].
The indirect method consists of a nonlinear filter, for which the states
are defined as the parameters of the system to be estimated [2,3].
Furthermore, some methods are recursive in nature and, therefore,
can produce estimates in real time, whereas some deal with offline
estimation (postflight data processing). However, they require initial
estimates of the parameters to start the estimation process. Initial
estimates of the parameters may be obtained either fromwind-tunnel
test data or computational fluid dynamics analysis. Parameter
estimation methods may diverge if initialization is poor. Addition-
ally, a priori knowledge of the structure of the aerodynamic model is
required. Therefore, dealing with complex aerodynamics phenom-
ena, such as stall hysteresis, high angle of attack flight, and large
amplitude time-dependent maneuvers becomes complex in the
absence of a thorough understanding about the system dynamics [3],
thereby placing constraints on the applicability of these methods.

To overcome these problems, it is imperative to use any technique
that obviates the need to know a priori dynamics of the system in the
complex aerodynamics domain. The ability of a neural network (NN)
to act as a universal approximator [4] provides a potential alternative
to address the problem of aircraft parameter estimation, because it
can capture highly complex nonlinear phenomena in a global sense
without a priori knowledge about the dynamic model. Moreover, it
does not require the initial estimates of the parameters, unlike the
conventional methods. These two properties of a NN render it a
natural tool for aircraft parameter estimation from flight data. An
early investigation into the use of a NN for aircraft parameter
estimation can be found in [5]. In [5], a NN was used as a mapping
function to map the inputs (state and control variables) to the outputs
(aerodynamic forces and moments). Back propagation method was
used to train the NN. Its extension for the estimation of aerodynamic
coefficients has been explored in [6–8]. Inmost of these applications,
the gradient learning algorithm was used to train the NN. This
paper investigates the effect of learning algorithms [i.e., the gradient
learning and the scaled conjugate gradient algorithm (SCGA)] on the
mean square error (MSE), formulated as the error function of theNN.
Moreover, it presents a comparative study of the estimated stability
and control derivatives obtained from the NN, trained using the
SCGA and then applying the delta method [9,10] and an innovative
partial differential method (PDM), suggested in this paper, to extract
the stability and control derivatives.

The delta and the zero methods, which are based on finite dif-
ference approximation, were reported in [9,10] for the estimation of
stability and control derivatives of an aircraft using a NN in the
posttraining phase. The delta method consists of finding the param-
eters to be estimated using a small variation in one of the state/control
variables (input variables). This is done by keeping all other state/
control variables constant at the nominal values and perturbing the
state/control variables, with respect to which derivatives of the
aerodynamic forces or moments are required. The corresponding
variation in the output, once divided by the corresponding variation
in the state variable, then provides an estimate of the derivative. The
zeromethod consists offinding the ratio of variation in thevalue of an
aerodynamic coefficient to the incremental variation in one of the
motion or control variables, whereas the rest of the motion and
control variables remain identically zero. Both of these methods
employ central difference approximation for computing the deri-
vatives. The modified delta (MD) method, which is a modifi-
cation over the delta method, has been recently reported in [11]. The
MD method is based on the fact that the ratio of the variation in the
value of an aerodynamic coefficient due to thevariation in only one of
the motion/control variables will yield the corresponding stability/
control derivative, whereas the variation in other motion/control
variables are identically zero. The MD method uses the variation of
measured aircraft motion and control variables as the input to the NN
and the variation of aerodynamic force or moment coefficients as the
output for training theNN. Thus, all thesemethods are based onfinite
difference approximation and, therefore, cannot be used to compute
exact partial derivatives.

In this paper, a novel neurocomputing approach is presented to
address the problem of aircraft parameter estimation by means of the

partial differentiation of the neural outputs [12]. Unlike the delta
method and the zero method, the partial differential analysis com-
putes the derivatives without applying the finite difference approxi-
mation. It is just a one-shot method, in the sense that it does not
require posttraining data processing to obtain the derivatives,
whereas in the delta and the zero methods, posttraining data
processing is required to get the derivatives at each data point by
varying, one-by-one, each of the input variables. The PDM gives an
exact first-order derivative at a point, unlike the delta method, which
is an approximation of the partial differential using the finite dif-
ference approach. The proposed approach is used to model the
aerodynamic forces and moments as the outputs and aircraft motion
variables and control surface deflections as the inputs to the NN. This
paper outlines themethodology and results of flight data analysis and
compares the two approaches of deriving the stability and control
derivatives from the trained NN. It also evaluates the performance
of the delta method against the PDM. Finally, the neural partial
differential-based estimated derivatives are used to reconstruct
the aerodynamic coefficients. These are compared against the
reconstructed aerodynamic coefficients obtained using the EEM.
The proposed new approach yields the reconstructed aerodynamic
coefficients, which are comparable with those obtained from the
EEM. In addition, it is concluded that a NN can be used to derive the
explicit model of a system in a polynomial form.

II. Methods of Data Analysis

It was pointed out in the previous section that parameter estimation
can be carried out using any one of the classical estimation/filtering
approaches. There arevarious pros and cons related to thesemethods.
Their selection for the estimation purpose depends on the desired
accuracy in estimation, the nature of the measurements, and the
availability of a priori estimates of the parameters. For details of
various methods, [3] may be consulted. In this section, the EEM is
outlined, and the proposed PDM is elaborated.

A. Equation Error Method

In this subsection, a brief summary of the EEM is presented, and
the formulation behind this method is used to check the consistency
of the results obtained using NN. The equation error technique is
the simplest method of estimating the aircraft stability and control
derivatives and uses linear regression in conjunction with ordinary
least-squares technique. The sum of the squared differences between
themeasured and the predicted aerodynamic forces and themoments
coefficients are minimized to estimate the unknown parameters.
However, an accurate measurement of all the states and their deri-
vatives are required. The presence of measurement noise makes the
estimation biased and inconsistent.

The nondimensional lateral-directional forces and moments
coefficients can be written as

CY � CY0 � CY��� CY�a�a� CY�r �r� CYpp� � CYrr� (1)

Cl � Cl0 � Cl��� Cl�a�a� Cl�r �r� Clpp� � Clrr� (2)

Cn � Cn0 � Cn��� Cn�a �a� Cn�r �r� Cnpp� � Cnrr� (3)

whereCY ,Cl, andCn are the nondimensional lateral force, the rolling
moment, and the yawing moment coefficients, respectively. The
side slip, the aileron deflection, the rudder deflection, the roll rate
(normalized), and the yaw rate (normalized) are �, �a, �r,p�, and r�,
respectively. The constant terms, on the right-hand side in Eqs. (1–3),
are the stability or control derivatives to be estimated. In the previous
equations, it is assumed that the lateral-directional forces and
moments do not depend upon the longitudinal variables. However, in
data processing, the flight maneuvers with longitudinal excitation
resulting from the elevator deflection have been included. The
coupling effects in the lateral-directional motion due to the longi-
tudinal motion are usually very small, and the first- and higher-order
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terms are neglected. In the previous postulated model, the zero
aerodynamic terms CY0 , Cl0 , and Cn0 account for any asymmetry in
the aircraft structure, as well as weak aerodynamic coupling effects
as an approximation. It is assumed here that the higher-order terms
are negligible. In fact, the least-squares estimation under such
assumption absorbs the derivatives of higher order in the first-order
ones.

B. Neural Network

As mentioned earlier, the zero method, the delta method [9,10],
and the MDmethod [11] were proposed to estimate the stability and
control derivatives of an aircraft using a feedforward NN. These
methods indeed provide hope for estimating the parameters in an
alternative way. Especially, the estimation of the parameters of an
unstable aircraft becomes possible using these methods. The greatest
advantage of using a NN is that it is not susceptible to the problem of
numeric overflows encountered in integrating the equations of
motion for an unstable aircraft. This also helps in eliminating the
need to solve the 6 degree-of-freedom differential equation coupled
with the elastic degrees of freedom, thereby presenting an easy
method to deal with an aeroelastic aircraft. However, the parameters
estimated using these methods show large scatter, which is attributed
to training being less than perfect [10]. Moreover, the number of
estimated values for each of the parameters is equal to the number of
data points used for training the network, which is again attributed to
the imperfect training [10]. It is an accepted fact that the quality of
training will affect the scatter in the derivatives. However, the
different values of derivatives at different time instants that arise
due to their dependence on the motion and control variables also
contribute to the observed scatter.

In this paper, these issues are resolved, and it is clearly shown that
scatter in the derivatives (standard deviation for the complete data
set) is a combined result of both the quality of training and the
polynomial model, which a NN represents. In the following para-
graphs, the method proposed in this paper is discussed, and many
apprehensions about the NN for aircraft parameters estimation are
addressed.

The proposed method is based on the partial differential of the NN
output, carried out analytically at the end of training, using all the
terms calculated during training. The input and the output data used
for training the NN are normalized. This not only makes various
observations equally important but also helps reduce the training
error and the training time [13,14]. A general three-layered NN
architecture is shown in Fig. 1. It consists of two hidden layers of
neurons and one output layer of neurons. The output layer consists
of the summation function only. Let the input and the output vectors
of the NN be characterized by ~� 2 <n�1 and ~z 2 <k, respectively.
Let the second hidden layer output vector, along with the bias, be
represented by ~y 2 <l�1 and the first hidden layer output vector,
along with the bias, be represented by ~x 2 <m�1. The output of the
NN can be written as

~z� ~WT ~y (4)

where ~W is theweightmatrix connecting the second hidden layer and
the output layer and is defined as

~W �

bw1 � � � bwk
w11 � � � w1k

..

. . .
. ..

.

wl1 � � � wlk

2
6664

3
7775 (5)

The vector ~y can be written as

~y� ~f� ~VT ~x� � ~f� ~�� (6)

where ~f�:� denotes the activation function vector defined as

~f� ��1 f��1� f��2� � � � f��i� � � � f��k� 	T

� � y0 y1 . . . yi . . . yl 	T 2 <l�1 (7)

and �i denotes the ith element of the inputs to the neuron; f is
the activation function and is chosen to be the tangent hyperbolic
function [Eq. (8)], as it provides better mapping [15]:

f��� � 1 � e���
1� e��� (8)

The bias term bwi is absorbed into the matrix ~W for notational

convenience and compactness. Theweightmatrix ~V can bewritten as

~V �

bv1 � � � bvl
v11 � � � v1l
..
. . .

. ..
.

vm1 � � � vml

2
6664

3
7775 (9)

where bvl denotes the lth element of the bias term. Similarly, the
output of the first hidden layer neurons can be written as

~x� ~g� ~UT ~�� � ~g� ~�� (10)

~g� ��1; g��1�; g��2�; . . . ; g��i�; . . . ; g��k�	T

� �x0; x1; . . . ; xi; . . . ; xm	T 2 <m�1 (11)

The activation function defined by Eq. (8) is g�:�, and the weight

matrix ~U is defined as

~U�

bu1 � � � bum
u11 � � � u1m
..
. . .

. ..
.

un1 � � � unm

2
6664

3
7775 (12)

where bum is the mth element of the bias term. The input to the NN
denoted by the augmented input vector ~� can be defined as
~�� ��1 ~aT 	T � ��0 �1; . . . ; �n 	T , where ~a 2 <n is the input
vector excluding the bias term. The normalization of the inputs and
the outputs is carried out using Eq. (13):

zi;norm � zi;normmin
� �zi;normmax

� zi;norm� 

zi � zmin

zmax � zmin

(13)

The upper and lower limits are zi;normmax
and zi;normmin

, respectively, of
the normalization range for the outputs. The maximum and the
minimum values of the ith output variable are zi;max and zi;min. In this
paper, zi;normmax

� 0:9 and zi;normmin
��0:9, thus Eq. (13) maps the

outputs in the range �0:9; 0:9� 	, which is the active range of the
tangent hyperbolic function; therefore, normalization is not done in
the range �1:0; 1:0� 	. The values �1:0 or �1:0 are achieved when
the argument of the tangent hyperbolic function approaches infinity,
which in reality never happens. Moreover, the derivative of the
tangent hyperbolic function approaches zero as the argument tends
to infinity. Therefore, the data points mapped to these values never
contribute to the learning process through weights change, using
back propagation in conjunction with the gradient descent or the
SCGAs.

χ
1

χ

χ
n

−1

...

... ... ...
...

...

.

.

..

..

.........
...

g

inputs

x

v

u

w

y

m l k

.

z
1

z
2

z
j

z
k

hg

ih

ji

outputs

1st hidden layer 2nd hidden layer output layer

h

i

Fig. 1 Schematic of feedforward NN.
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The output vector of the NN can be written as

~z� ~WT ~f� ~VT ~g� ~UT ~��	 (14)

For training of theNN, the optimization function used is theMSE and
is given by Eq. (15):

MSE � E� ~w� � 1

2P

XP
j�1

Xk
i�1
�di � zi�2j (15)

where ~w is a vector consisting of all the weights of the NN, E
is the error function, P is the total data points (number of obser-
vations), di is the ith normalized measured value of the output, zi is
the normalized computed value of the output [for which the
normalization is done using Eq. (13)], and the index j stands for the
jth data point. Because the NN training is done in batch mode, MSE
is computed at the end of every step of the iteration, using updated
values of the weights.

C. Scaled Conjugate Gradient Algorithm

To train the NN (described in the previous section), it is necessary

to suitably estimate theweightingmatrices ~U, ~V, and ~W.We consider
here only the classical gradient-based algorithm and its variant,
called the SCGA [16–18]. Detailed algorithmic descriptions of these
and other algorithms can be found in any standard literature on NN.
Nevertheless, for the sake of completeness, we provide a brief
description of the SCGAproposed byMoller [16], which is a second-
order algorithm based on a Levenberg–Marquardt approach,
requiring first-order gradients that are used to formulate the Hessian,
thereby saving computational efforts.

1. Choose weight vector ~w1 and scalars 0< � � 10�4,

0< �1 � 10�6, ��1 � 0. Set ~p1 � ~r1 ��E0� ~w1�, k� 1 and
success� true. Here, E0� ~w� � � ~p is the gradient of the error
function [Eq. (15)] with respect to the weight vector ~w, and ~p is the

gradient vector. The parameters are �, �, and ��.
2. If success� true, then calculate second-order information:

�k� �=j ~pkj; ~sk� �E0� ~wk� �k ~pk� �E0� ~wk�	=�k; �k� ~pTk ~sk

3. Scale

�k: �k � �k � ��k � ��k�j ~pkj2

4. If �k � 0, then make the Hessian matrix positive definite:

�� k � 2��k � �k=j ~pkj2�; �k ���k � �kj ~pkj2; �k � ��k

5. Calculate the step size: �k � ~pTk ~rk and �k � �k=�k.
6. Calculate the comparison parameter:

�k � 2�k�E� ~wk� � E� ~wk � �k ~pk�	=�2
k

.
7. If �k � 0, then a successful reduction in error can be made:

~w k�1� ~wk��k ~pk; ~rk�1��E0� ~wk�1�; ��k�0; success� true

If kmodN � 0, then restart algorithm:

~p k�1 � ~rk�1

else:

�k � �j~rk�1j2 � ~rTk�1 ~rk�=�k; ~pk � ~rk�1 � �k ~pk

If �k � 0:75, then reduce the scale parameter:

�k � 0:25�k

else:

�� k � �k; success� false

8. If �k < 0:25, then increase the scale parameter:

�k � �k � ��k�1 ��k�=j ~pkj2	

.

9. If the steepest descent direction ~rk ≠ ~0, then set k� k� 1 and
go to step 2, else terminate and return ~wk�1 as the desired minimum.

It should be noted that the SCGA handles the weights as a vector
and not as a matrix; therefore, the weights are converted from vector
to matrix and matrix to vector during the training period. Moreover,
the SCGA also computes the error gradients with respect to the
weights. These terms are used in the next section by the PDM to
compute the stability and control derivatives.

D. Partial Differential Method

After the training is over, the NN represents the mapping function
between the inputs and the outputs. For this research, the forces and
moments represent the outputs, whereas the control and motion
variables represent the inputs. The partial differential of Eq. (14),
with respect to the augmented input vector ~�, then represents the
stability and control derivatives terms in the equation of forces and
moments. The partial derivatives of the outputs, with respect to the
inputs {i.e., the desired stability and control derivatives [Eq. (16)]},
can be worked out according to the chain differentiation rule:

�
@ ~z

@ ~�

�
�
�
@ ~z

@ ~znorm

��
@ ~znorm
@ ~y

��
@ ~y

@ ~x

��
@ ~x

@ ~�norm

��
@ ~�norm

@ ~�

�
(16)

where

�
@ ~z

@ ~�

�
�

@z1
@�0
� � � @z1

@�n

..

. . .
. ..

.

@zk
@�1
� � � @zk

@�n

2
664

3
775 (17)

and

�
@~z

@ ~znorm

�
�

@z1
@z1;norm

0 � � � 0

0 @z2
@z2;norm

� � � 0

..

. ..
. . .

. ..
.

0 0 � � � @zk
@zk;norm

2
666664

3
777775

(18)

is a diagonal matrix of size (k 
 k). The second, third, and fourth
terms on the right-hand side in Eq. (16) are matrices of size
[k 
 �l� 1�], [�l� 1� 
 �m� 1�], and [�m� 1� 
 �n� 1�], and
the fifth term is a diagonalmatrix of size [�n� 1� 
 �n� 1�], similar
to that in Eq. (18). The ith diagonal term in the matrix on the right-
hand side in Eq. (18) can be written as

@zi
@zi;norm

� zi;max � zi;min

zi;normmax
� zi;normmin

(19)

in which the term

�zi;normmax
� zi;normmin

� � 1:8

in the present case. Similarly, ��@ ~�norm�=@ ~�	 can be written as

�
@ ~�norm

@ ~�

�
�

1 0 � � � 0

0
@�1;norm
@�1

� � � 0

..

. ..
. . .

.
0

0 0 � � � @�n;norm
@�n

2
6664

3
7775 (20)

In Eq. (20), the ith (i ≠ 0) diagonal term of the matrix ��@ ~�norm�=@ ~�	
can be written as

@�i;norm
@�i

�
�i;normmax

� �i;normmin

�i;max � �i;min

(21)
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here, �i;min and �i;max stand for the minimum and the maximum
values of the ith input variable. Because the output layer does not
have any nonlinearity, ��@~znorm�=@ ~y	 can be written as

�
@ ~znorm
@ ~y

�
�

@z1;norm
@y0

@z1;norm
@y1

� � � @z1;norm
@yl

@z2;norm
@y0

@z2;norm
@y1

� � � @z2;norm
@yl

..

. ..
. . .

. ..
.

@zk;norm
@y0

@z2;norm
@y1

� � � @zn;norm
@yl

2
66664

3
77775� ~WT (22)

As the outputs of the neurons are obtained in normalized form during
training, Eq. (22) is valid. Similarly, �@ ~y=@ ~x	 can be written as

�
@ ~y

@ ~x

�
�

0 0 � � � 0

0 f01 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � f0l

2
6664

3
7775

bv1 � � � bvl
v11 � � � v1l
..
. . .

. ..
.

vm1 � � � vml

2
6664

3
7775

T

� diag� 0 f01 f02 � � � f0l 	 ~VT (23)

and �@ ~x=�@ ~anorm�	 is written as

�
@ ~x

@ ~�norm

�
�

0 0 � � � 0

0 g01 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � g0m

2
6664

3
7775

bu1 � � � bum
u11 � � � u1m
..
. . .

. ..
.

un1 � � � unm

2
6664

3
7775

T

� diag� 0 g01 g02 � � � g0i � � � g0l 	 ~UT (24)

It should be noted that during the training of the NN, the previous
matrices are available; therefore, they do not require any extra
computation. The stability and control derivatives are computed at
the end of training or, if required, can be computed after each
iteration. For example, in Eq. (20), all the diagonal terms are actually
calculated at the start of training, which is obvious from Eq. (21)
[which represents the ith term of the diagonal elements of the matrix
in Eq. (20)]. In fact, each diagonal element is a constant, which is
fixed by the minimum and maximum of the particular input variable
and the limits of the normalization range [see Eq. (19)]. Similarly, the
diagonal terms in Eq. (18) are calculated at the end of training. These
terms may also be computed for the performance evaluation at an
intermediate stage of training, which requires denormalized outputs.
Denormalization of the outputs is necessary, because at the start of
training, they are normalized using Eq. (13). Similarly, in Eqs. (22–

24), the weight matrices ~W, ~V, and ~U, respectively, are available
during training from the seventh or ninth step of the SCGA algorithm
for the weights update (i.e., ~wk�1). The partial differential vector
terms appearing in Eqs. (22–24) are also available, because these
terms are computed in the SCGA while computing the partial
differential of the performance index (error function) with respect to
the weight vector [i.e., E0� ~w� (second step of the SCGA algorithm)].
Thus, all the terms required for computing the partial differential are
available. This saves time and effort, unlike that required in the delta
method (explained in the next subsection) in the posttraining phase.
The derivatives, thus computed for different sets of initial weights at
different data points, are averaged, and their standard deviations are
calculated. The relative standard deviation (RSTD), which also
corresponds to the Cramer–Rao bound for nonstatistical approaches
(such as the EEM), is defined as

RSTD � Standard Deviation

Average Value

 100% (25)

The derivatives obtained using the PDM, being of thefirst-order,may
differ slightly from that used in the linear models in Eqs. (1–3),
because unlike the least-squares estimation, the coefficients of
higher-order terms are not absorbed. In addition to these derivatives,
constant terms having small magnitude may be present in the model.
Such terms can be extracted, once the derivatives have been
estimated, by summing themotion dependent terms in Eqs. (1–3) and

then subtracting from the measured value. This is followed by
averaging the results obtained at different data points.

Dependence of the stability and control aerodynamic derivatives
on the motion and control variables can be accommodated for
assuming the fact that a trained NN represents a polynomial of a
higher degree in motion and control variables. Therefore, the
derivatives obtained through the partial differential of this poly-
nomial are also dependent on the motion and control variables,
unlike those concluded in [9,10]. However, these coefficients can be
averaged and can be used in Eqs. (1–3). This fact was not highlighted
in earlier papers [9,10], nor were simulations carried out to verify this
fact.

E. Delta Method

The training part for both the PDMand the delta method is similar.
The derivatives for the PDM become available at the end of training.
However, the delta method requires posttraining processing of data,
as explained in the following paragraphs.

The derivatives estimation using the delta method requires two
sets of perturbed input variables (say, � for computingCY� ), keeping

the other inputs as used in the training unchanged. Let the per-
turbation given to � be denoted by ��. The same perturbation is
given to all the data points used for training the NN. Therefore, the
perturbed input variable in the two sets can be denoted by ����
and � ���, and the corresponding outputCY can be denoted byC

�
Y

and C�Y , respectively. Then, the derivative CY� can be approximated

as

CY� �
C�Y � C�Y
2��

(26)

Equation (26) is applied to the complete data set in the posttraining
phase to extract the derivative CY� . Derivatives at different data

points, thus obtained, are then averaged, and the standard deviation is
calculated. RSTD can be found using Eq. (25). Following the same
procedure, other derivatives can be computed.

III. Results and Discussion

As a typical case, we consider here the modeling of aerodynamic
coefficients and the extraction of the stability and control derivatives
pertaining to the lateral-directional motion of an aircraft. The flight
data analyzed here were generated with the Advanced Technology
Testing Aircraft System (ATTAS) [19] of DLR, German Aerospace
Center in Germany. This aircraft was developed by modifying,
in collaboration with the aircraft manufacturer Messerschmitt–
Bölkow–Blohm, a twin engine, short haul, 44-passenger aircraft (of
the type VFW-614) instrumented with a wide range of modern test
and recording equipment [19]. The data are 85 s in duration, with a
sampling time of 0.04 s. Three distinct maneuvers performed by the
pilot are considered: short period mode (for the first 25 s, using
multistep elevator input), bank-to-bank maneuver (for the next 30 s,
using aileron input), and Dutch roll (for last 30 s, using rudder
doublet input). The lateral-directional measured variables (implicit)
consist of the side force Y, the rolling moment L, and the yawing
moment N, which can be written in a nondimensional format as CY ,
Cl, andCn, respectively. Therefore, the output vector for the NN can
be written as

~z� �CY Cl Cn 	T (27)

Similarly, the inputs consist of themotion variables �,p�, and r� and
the control inputs �a and �r, as described earlier in Sec. II.A. Hence,
the input vector to the NN can be written as

~�� ��1 � �a �r p� r� 	T (28)

Here, the �1 term in the vector ~� is a bias. A linear modeling of CY ,
Cl, and Cn is given by Eqs. (1–3). The input variables are directly
measured, whereas the output variables are derived from the
measured linear accelerations and angular rates through a
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preprocessing step. The body-fixed accelerations at the center of
gravity are computed from the measured translational accelerations
using an accelerometer sensor positioned somewhere away from the
center of gravity. The relevant expressions for computing the body-
fixed acceleration at the center of gravity are given in [19,20].
The angular accelerations � _p; _q; _r� are computed by numerical
differentiation of the measured angular rates �p; q; r�. The three
body axes aerodynamic force coefficients are computed using
appropriate equations, as described in [19,20]. Similarly, the body-
axis rolling, pitching, and yawingmoment coefficients �Cl; Cm; Cn�
referenced to the center of gravity are computed using appropriate
equations, as given in [19,20]. Computation of body-axis rolling,
pitching, and yawing moment coefficients requires moments of
inertia and the center of gravity position at different time instants,
both of which change due to the consumption of fuel and are
computed using the recorded data. Once trained, the NN was
checked for proper mapping by comparing the actual outputs and
the measured outputs. Simulations were performed for a varying
number of iterations to assess the accuracy of mapping.

To make a direct comparison, the delta method was applied in the
posttraining phase for the estimation of derivatives. It should be
noted that the PDM results were available at the end of the training
itself. The NN architecture used contains one neuron in the input
layer, which makes the derived derivatives insensitive to the initial
weights used in the NN. The hidden layer consists of 13 neurons.
Table 1 clearly shows that smaller MSE is achieved in fewer iter-
ations by the SCGAwhen compared with the gradient algorithm.

Because the performance of the gradient algorithm was inferior to
the SCGA, it was decided to use the SCGA for both the delta and the
partial differential methods, so that the derivatives estimated can be
compared against the same benchmark. As a typical set of results, in
Table 2, the average values and the RSTD of the parameters using the

delta method and the PDM, along with those obtained using the
EEM, are provided.

The delta method and the PDM give comparable results. In
Table 2, rounded average and RSTD values are given. The RSTD for
the PDM and the delta method differ after four decimal places. This
small difference may be attributed to the fact that the delta method
merges the effect of higher-order derivatives in the first-order
derivative, like the EEM; therefore, it may produce slightly less
standard deviation as compared with the PDM. However, theo-
retically, PDM gives the first-order derivatives accurately. Unlike the
classical methods, the NN-based methods produce derivatives that
vary at different data points due to their dependence on the motion
and control variables, as explained in the previous section. The
higher-order derivatives can be analytically determined and then
programmed.

It is obvious from Table 2 that performance of the neural methods
is as good as the EEM. In Figs. 2 and 3, the measured and the NN
predicted rolling moment and yawing moment coefficients are
plotted against time. Similar results were obtained for the side force
coefficient also. However, for the sake of brevity, the plots related to
the side force coefficients and the derivatives are not included. It can
be observed fromFigs. 2 and 3 that the effect of elevator deflection on
the rolling and yawing moments is quite weak, as compared with the
aileron and rudder deflections. This implies that there is not much
coupling between the longitudinal and the lateral-directional modes.
This is also evident from the fact that the constant coefficients CY0 ,
Cl0 , and Cn0 (Table 2) obtained from the EEM or the PDM are quite
small, which in fact absorb the very weak coupling between the
longitudinal and the lateral-directional modes. Therefore, in this
paper, results for only lateral-directional modeling is presented.
However, NN will equally work if the longitudinal motion variables
are included, but the results will show only negligible coupling.
Figures 4 and 5 show the rms values of the stability and control
derivatives against the number of iterations, truncated to 2500. It is
obvious from these figures that the rms values of these derivatives
converge as the training proceeds. In fact, the convergence is very fast
and stabilizes within 500 iterations.

The most important observation that can be extracted from these
figures is the consistency of the results obtained. Strong dependence
of the rollingmoment on the roll rate is obvious from the curve forClp
in Fig. 4. Similarly, other derivative appearances in Figs. 4 and 5 are
consistent with their weak or strong dependence on the motion or
the control variables. In Figs. 6 and 7, the estimated values of the
derivatives at different data points are plotted. These figures clearly
show minor fluctuations in the estimated derivatives when the air-
craft motion is excited using different control inputs, indicating

Table 1 MSE at the end of various number of iterations

for gradient method and scaled conjugate gradient method

MSE

Number of
iterations

Gradient learning
[3]

Scaled conjugate learning
[16]

1 5:27 
 10�3 6:71 
 10�5

500 6:29 
 10�4 4:49 
 10�6

5000 8:50 
 10�5 3:40 
 10�7

15,000 4:50 
 10�5 ——

Table 2 Average (AVG) and RSTD of estimated derivatives of side force coefficient, rolling moment

coefficient, and yawing moment coefficient, using Partial differential, delta, and equation error methods

PDM Delta method EEM

Parameters AVG RSTD, % AVG RSTD, % AVG RSTD, %

CY0 �0:0071 5.95 �0:0071 20.78 �0:0071 0.70
CY� �1:0557 1.68 �1:0552 1.68 �1:0483 0.20

CYp 0.2027 1.68 0.2027 1.68 0.2058 2.81

CYr 0.6116 1.68 0.6117 1.68 0.6157 2.57
CY�a 0.0080 1.68 0.0080 1.68 0.0083 12.93
CY�r 0.1902 1.68 0.1902 1.68 0.1909 1.79
Cl0 �0:0002 40.97 0.0002 211.21 �0:0002 7.18
Cl� �0:1134 0.49 �0:1134 0.49 �0:1127 0.74

Clp �0:7584 0.49 �0:7581 0.49 �0:7557 0.30

Clr 0.2809 0.49 0.2809 0.49 0.2866 2.18
Cl�a �0:1934 0.49 �0:1934 0.49 �0:1928 0.22
Cl�r 0.0442 0.49 0.0442 0.49 0.0439 3.06
Cn0 0.0029 4.75 0.0029 21.01 0.0029 0.71
Cn� 0.2587 2.39 0.2585 2.40 0.2572 0.34

Cnp �0:0912 2.39 �0:0912 2.39 �0:0921 2.57

Cnr �0:1252 2.39 �0:1253 2.39 �0:1265 5.13
Cn�a �0:0118 2.39 �0:0118 2.39 �0:0119 3.74
Cn�r �0:1419 2.39 �0:1420 2.39 �0:1430 0.98
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dependence of the derivatives on the motion variables. This is not
reflected in the EEM, because of assumption that a linear relation
between the motion variables and the forces or moments exists.

It can be shown through simulation, and it can be proved
analytically, that any offset of the estimated value with the actual

value will only be due to the imperfect learning. The result is neither
affected by the presence of bias in the measured lateral-directional
forces and moments nor the presence of bias in the measured
motion/control variables. Thus, from the results, it is observed that
parameters estimated using the PDMshed light on the dependency of

Fig. 2 Rolling moment coefficient Cl , measured and predicted using

NN.

Fig. 3 Yawing moment coefficient Cn, observed and predicted using

NN.
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Fig. 4 RMS values of rolling moment derivatives truncated up to 2500
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Fig. 6 Estimated values of the rolling moment derivatives over the

entire training set, using PDM.

Fig. 7 Estimated values of the yawing moment derivatives over the

entire training set, using PDM.
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the stability and control derivatives on the motion variables. In
addition, this method does not require any initial estimate of the
parameters to start the estimation process, as it avoids any integration
of the equation of motion.

In Figs. 8 and 9, rolling moment and yawingmoment coefficients,
reconstructed using derivatives estimated through the PDM, are
plotted against time, alongwith theNNpredicted coefficients and the
measured coefficients. The reconstructed curve shows a very good
match between the neural predicted and the measured values,
showing confidence in the NN estimated derivatives. In Figs. 10 and
11, rolling moment and yawing moment coefficients, which are
reconstructed using derivatives estimated through the EEM, pre-
dicted using the NN, and measured, are plotted against time. From
Figs. 8 and 10, it can be observed that the reconstructed curve of Cl,
using derivatives extracted through the PDM, retraces the measured
and the NN predicted curves for Cl, and the same is true for the
reconstructed curve ofCl obtained using the EEM. From Figs. 9 and
11, it is obvious that Cn, computed using the derivatives obtained
through the PDM and the EEM, retraces the measured curve exactly.

The present analysis sheds light on the utility of the PDM for the
estimation of stability and control derivatives, especially for the case
in which the aerodynamics of the aircraft are highly nonlinear, which
rules out the use of any presumed structure of aerodynamicmodel for
data processing using the EEM. In such cases, applicability of the
output error and the filter error methods also become restricted,
unlike the PDM, because they require the initial estimates of
the derivatives to start the estimation process. Comparison of the
reconstructed curves, using the derivatives obtained through the

PDM and the EEM, is given in Figs. 12 and 13. To the visual
resolution provided, both the curves overlap in these two figures,
indicating consistency of the results obtained using the NN.

Thus, it may be stated that the performance of the PDM for
estimation of the stability and control derivatives is comparable with
the other classical methods and, therefore, provides an alternative
tool that does not even require initial estimates of the derivatives to

Fig. 8 Reconstructed values of the rolling moment coefficient based on

derivatives estimated using PDM.

Fig. 9 Reconstructed values of the yawingmoment coefficient based on

derivatives estimated using PDM.

Fig. 10 Reconstructed values of the rolling moment coefficient based

on derivatives estimated using EEM.

Fig. 11 Reconstructed values of the yawing moment coefficient based

on derivatives estimated using EEM.

Fig. 12 Comparison of reconstructed values of the rolling moment

coefficient based on derivatives estimated using PDM and EEM.
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start the estimation process. Although the presented results are com-
parable for a simple test case, theNNs have capabilities tomap highly
nonlinear phenomenon; in which case, the linear model identified
using the EEM may not be adequate. In such cases, the NN-based
partial differential approach yields not only goodmapping, but it also
provides linearized derivatives. The PDM does not involve any
integration of the equation of motion, unlike the output error and the
filter error methods; therefore, it can be applied for the parameter
estimation of unstable aircraft, especially at a high angle of attack, for
which there are highly nonlinear aerodynamics.

IV. Conclusions

A NN approach has been applied to model the aerodynamic force
and moment coefficients pertaining to the lateral-directional motion
of an aircraft from recorded flight data. The approach yields a good
match between the flight measured and the NN predicted outputs.
Investigations confirmed the fact that the SCGA performs better
when compared with the simple gradient algorithm. A novel method
based on neural partial differentiation to estimate aircraft stability
and control derivatives from a trained NN was proposed. This pro-
posed approachwas compared with the hitherto procedures based on
finite differences (i.e., the delta method); the two approaches yield
comparable values for the stability and control derivatives. The
partial differential approach provides the exact values of the first-
order stability and control derivatives, whereas the delta method is
just an approximation to the PDM. The amount of data processing
time required for the PDM is quite small, as compared with the delta
method that requires a lot of posttraining data processing. Therefore,
the PDM also saves a lot of posttraining effort, unlike the delta
method that involves perturbing the inputs and computation of the
derivatives using a finite difference approach. Moreover, the PDM
can be used to extract higher-order derivatives, which sheds light
on the aerodynamic characteristics of an aircraft, unlike the delta
method that absorbs all the higher-order derivatives into the first-
order derivatives. The NN estimated derivatives were also validated
against reconstructed side force and moment coefficients. The
reconstructed coefficient plots showed a very good match between
the neural estimated and measured values, showing a high level of
confidence in the extracted model. In addition, the accuracy of the
neural estimated aerodynamics derivatives was found to be as
good as that using the EEM. However, the NN-based PDM promises
to be more readily extendable to highly nonlinear aerodynamic
phenomenon, whereas the linear models assumed in the EEM may
not be suitable.
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